Abstract-Multipath-assisted positioning makes use of specular multipath components (MPCs), whose parameters are geometrically related to the positions of the transceiver nodes. Diffuse scattering from rough surfaces affects the observed specular reflections in the angular and delay domains. Based on the effective roughness approach, the angular delay power spectrum can be calculated as a function of location parameters, which-in a next step-could be useful to accurately characterize the position-related information of MPCs. The calculated power spectra follow reported characteristics of stochastic multipath models, i.e. Gaussian shape in the angular domain and an exponential shape in the delay domain. The resulting angular and delay spreads are in an equivalent range to values reported in literature.
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I. INTRODUCTION
Recent work in radio-based positioning exploits position-related information of multipath propagation [1] , [2] . For this purpose, the multipath propagation is described using geometry-based stochastic channel models. These channel models characterize positionrelated information using geometrical relations between transmitter and receiver as well as the surrounding reflective objects. Geometrical optics then allows a proper modeling of specular multipath components (MPCs).
The stochastic channel component describes dense multipath, stemming from interaction with rough surfaces or small objects. In the context of localization, attempts are taken for a stochastic description of dense multipath, i.e. its characterization as zero-mean additive white Gaussian noise [2] , or by placing additional scatter points [3] in the geometric setup. However, the characterization of the stochastic channel component will affect the potential outcome of localization algorithms. Proper stochastic models of dense multipath are required.
In literature, (geometry-based) stochastic channel models are parameterized by the standards IEEE 802.15.3c [4] , IEEE 802.11ad [5] or 3GPP TR38.901 [6] . The purely stochastic channel models IEEE 802.15.3c [4] and 3GPP TR38.901 [6] rely on the Saleh Valenzuela propagation model which assumes that radio frequency power arrives in clusters [7] . The MPCs within a cluster are described statistically using empirical distributions. The parameters of the empirical distributions are fitted independently in the angular and delay domains. Both IEEE 802.15.3c and 3GPP TR38.901 have in common that the cluster parameters are not identified as function of a geometry based setup of transmitter / receiver.
The geometry-based stochastic channel model IEEE 802.11ad [5] aims at relating cluster parameters to a location specific setup. A main component within each cluster is identified, based on ray tracing, which can be classified as a specular component originating from a reflective surface, as illustrated in Figure 1 . The main component is accompanied by dense multipath components stemming from a rough surface or small objects in its vicinity. These dense MPCs are unpredictable by ray tracing and parameterized in a stochastic manner using empirical distributions [5] , [8] , similarly to [4] , [6] .
The stochastic descriptions of dense multipath cover general scenarios, characterizing the average scattering behavior of reflective materials. Material specific scattering can be elaborated using additional information, i.e. the material's geometric dimension and dielectric parameters or both. In [9] , [10] knowledge of material properties enable the prediction of the electromagnetic field. A stochastic description of rough surfaces is employed in [11] - [13] where the height of the rough surface is assumed to follow a zero-mean Gaussian density. Motivated by radiation theory, the authors in [14] , [15] assume a certain scattering lobe for an incident ray, denoted as effective roughness approach. This approach is successfully employed in ray tracing [16] - [18] , point cloud scattering [19] - [23] or propagation graph theory [24] , [25] . It has been parameterized for several materials [23] , [26] . Although effective roughness has shown to produce proper scattering models, its consequences for the channel's angular delay power spectrum (ADPS) are not discussed adequately.
In this paper we discuss the stochastic nature of dense multipath stemming from rough surfaces, e.g. rough cast as well as balconies. Based on the effective roughness approach, we propose a scattering function which is symmetric with respect to transmitter and receiver positions. The scattering function enables the calculation of a joint angular delay power spectrum. The power spectrum describes dense multipath in a stochastic manner as a function of the geometric setup and the parameters of the rough surface. We analyze the power spectrum in the angular and delay domains and compare our results with measurements reported in literature. The importance of this work for multipath-assisted positioning is as follows: Results in [27] , [28] demonstrate that the range-information contributed by each MPC is related to the power ratio of the specular component and the dense multipath interfering with it, the so-called signal-to-interference-plus-noise ratio (SINR). The ADPS is needed to compute the SINR for some given probing signal with a defined bandwidth and directivity of the transceiver antennas. The SINR also agrees with the Ricean K-factor characterizing the amplitude fading of the MPC. The coherence distance of this fading is known to be related to the angular power spectrum. We therefore expect the results of this paper to be useful for the derivation of position error bounds and position estimation algorithms under realistic channel conditions.
II. SCATTERING FUNCTION AND IMPLICATIONS ON THE ANGULAR DELAY POWER SPECTRUM
We aim at relating the observed angular delay power spectrum to parameters based on the geometric setup using scattering models, which are originally introduced in [14] , [15] . The scattering model treats a single planar, reflective surface which is illuminated by a transmitter. The impinging power at the reflective surface is attenuated and subsequently scattered in various directions. Parts of the reflected power arrive at the receiver with a certain ADPS. Figure 1 illustrates the setup for the azimuth domain.
A. Scattering model
Based on the Radar equation [29] , the Lambertian [14] and directional scattering [15] , we model the differential received power dP r observed from differential surface element dA according to
where we set both effective aperture area of the receiving antenna and the antenna gain of the transmitting antenna to 1. The first factor on the right-hand-side defines the intensity at surface area element dA with distance d i (see Fig. 1 ) and transmitted power P t . The angle θ i between impinging ray and surface normal attenuates the intensity at dA according to the cosine law. Multiplication with area dA yields the reflected power which is scattered towards various directions. The second factor defines the recognized intensity by the receiver, scaled by the squared distance d 2 s , where the cosine law is addressed by the angle θ s between the scattered path and the surface normal.
The third factor determines the impact from directive scattering, motivated by [15] , where we assume that the majority of the impinging power is scattered along the direction of the specular one. Deviating scatter angles, denoted by angle ψ, lower the received power. The parameter α R controls the level of surface roughness. At walls with only small levels of roughness (in comparison to the wavelength of mmWaves, e.g. window glass) the scattering lobe is narrow, controlled by high levels of α R . Increasing levels of roughness yield spreading in various directions, described by small levels of α R . The remaining k α R is a scaling factor such that the scattered power is independent on α R and results by integration of factor 3 over ψ. The scattering attenuation factor, modeled in [14] , [15] , is neglected in (1) as it has no impact on the evaluated angular and delay spreads.
The presented scattering model is strongly related to the Lambertian [14] and the single-lobe directional scattering model [15] . It enables a smooth transition from Lambertian scattering (setting α R = 0) to directional scattering (α R → ∞). Note that the single-lobe scattering model [15] treats the impinging wave using the cosine law, and the scattered wave by a directional scattering lobe. Hence, in a non-symmetric setup of transmitter / receiver position, the outcome will differ if the transceivers change their roles. The scattering model presented in (1) preserves symmetry where we assume that both impinging and scattered waves are attenuated by the cosine law plus an additional scattering lobe. Figure 2 illustrates the scattering power for various directions θ s of the Lambertian [14] , directional [15, single-lobe directional model] and the proposed scattering model for an impinging angle θ i = 30
• with α R = 2. We can observe that at Lambertian scattering the impinging power is scattered according to the cosine law. The directional as well as the proposed scattering model radiate its power along the specular component.
The scattering functions describe the received differential power from a specific differential area element dA. In the following we rephrase (1) in order to calculate the resulting ADPS as observed by the receiver.
B. Derivation of angular delay power spectrum
Having the differential scattering power dP r from differential area dA we aim at calculating the joint ADPS. The power spectrum describes the spreading of the received power along the angular and delay domains. Integration of the ADPS over τ results in the angular power spectrum (APS). Equivalently, the delay power spectrum (DPS) is established by integration of the ADPS over both azimuth and elevation angles. Note, (1) is symmetric with respect to the position of transmitter and receiver and thus, the observed DPS remains equal if the transceivers exchange their role of transmitting and receiving. Still, in general the APS is different, i.e. the APS at position x 2 for a transmitting node at position x 1 is different to the APS at x 1 for a transmitting node at x 2 . 1) Joint angular delay power spectrum: The scattering model in (1) describes the received power from a desired area. In order to calculate the joint ADPS, we express the desired area as a function of azimuth φ a , elevation φ e and delay τ . Assuming the reflective surface is aligned with the yz-plane, we can substitute the differential area dA = dΩd 2 s /(cos φ a cos φ e ) by a solid angle dΩ [30] which can be subsequently described as dΩ = cos φ e dφ a dφ e of azimuth φ a and elevation angle φ e , resulting in dA = d 2 s /(cos φ a )dφ a dφ e . Substituting dA in (1) enables to calculate the total received power P r = dP r and the ratio P r /P t ,
where p(φ a , φ e , τ ) denotes the spreading of the received power in the angular and delay domains, defined as joint
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Analytic solutions to (3) are challenging due to nonlinear relations between angles and geometric setup between both transceivers. We propose a numeric approximation by discretizing the angles. Therefore, we generate N φ uniformly distributed angle pairs {(φ
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contains the elevation angles {φ e i } associated to the azimuth angle of interestφ a , with desired resolution ∆φ a . The summation along the elevation angles for a desired azimuth angle accounts for both integrals in (3) where we apply the Dirac delta's sifting property.
The elevation APS follows equivalently to (3) by integration along the azimuth domain.
3) Delay power spectrum: Finally we calculate the DPS by integration of the joint ADPS (2) along both angles, according to
Here, the DPS for a desired delayτ results by integration along angles (φ a , φ e ) which fulfillτ = f τ (φ a , φ e ). Thus, we can approximate (5) as sum along angle pairs (φ a , φ e ) ∈ Tτ with Tτ = {(φ
, whose corresponding delay τ is equal to the desired delayτ , up to numeric resolution ∆τ , according to
In the following we compare the proposed scattering model and the presented ones in [14] , [15] in terms of resulting APS and DPS.
C. Analysis and comparison of APS
Application of the scattering models enables the calculation of a theoretic APS to be expected at the transceiver positions. In this section we aim at comparing the proposed scattering model with [14] (denoted as Lambertian) and [15] (denoted as directional scattering). We evaluate the azimuth's APS for two transceivers and three different levels of roughness, determined by α R ∈ {0, 2, 10}. We consider two scenarios of positions of transceivers. Scenario (a) examines a symmetric setup where the surface is located along the yz plane at x = 0, transceiver x 1 at (x, y, z) coordinates of x 1 = (−10, −5, 0) and transceiver x 2 at x 2 = (−10, 5, 0), as illustrated in Fig. 3 . Scenario (b) shows a nonsymmetric setup where transceiver x 2 moves to position x 2 = (−5, 5, 0) and the transceiver x 1 persists at x 1 = (−10, −5, 0) (Fig. 4) . In the numerical approximations we set N φ = 10 6 , ∆φ a = π/100 rad and ∆τ = 1 ns. 1) Symmetric scenario: Starting with the symmetric scenario (a), Figure 3 illustrates the APS of the proposed scattering model for various values of α R = 0 , α R = 2 and α R = 10 . We compare the outcome to the Lambertian (mathematically identical to the proposed one with α R = 0), and to the directional model using α R = 2 and α R = 10 . The calculation shows the azimuth plane where we set the elevation to φ e = 0. The direction of the specular component between both transceivers is shown as dotted, gray line. The APS of x 1 (x 2 ) are calculated assuming x 2 (x 1 ) radiates in an isotropic manner.
We can observe that the patterns are symmetric whether x 1 transmits to x 2 or opposite. A comparison between directional and proposed scattering model shows strong similarities. Note that, the directional model spreads its peak power along the specular component (as illustrated in Figure 2 ) but the peak power at the receiving node (x 1 or x 2 ) is not received from the direction of the specular component. This is a crucial finding and can be explained by the fact that the level of received scattering power from area dA depends on the illuminated intensity at dA. The intensity is largest in the vicinity of the transmitter with the consequence of increased scatter power from surface areas, close to the transmitter. At α R = 0 the peak power is received from a scattering point with shortest distance between transmitter and reflective surface. An increasing level of α R narrows the angular spread. The angle's peak power moves towards the angle of the specular component.
2) Non-symmetric scenario: We proceed by evaluating the APS for the non-symmetric scenario (b) where x 2 is aligned closer to the reflective surface than x 1 yielding non-symmetric APS as well. This can be argued since x 2 is aligned close to the reflective surface while the distance between x 1 and surface area elements in the vicinity of x 1 is large. Thus, these surface area elements are illuminated by a similar power which is scattered to x 2 . The receiver observes arriving power from a wide range of directions which results in an increased angular spread. Equivalent to the observations made at the symmetric scenario, the angular spread of the Lambertian scattering is largest. The angle's peak power moves towards the specular component's angle for rising α R . Furthermore, the angular spread is reduced for increased α R .
D. Analysis and comparison of the DPS
Finally, in Figure 5 we illustrate the delay power spectra for the symmetric and non-symmetric scenarios. In general, the magnitude scaling changes drastically showing a strong sensitivity to the delay domain. We can observe that the peak power arrives simultaneously with the specular component's delay (black dotted). At increasing delays the power is attenuated. The lowest power decay rate is achieved by the Lambertian scattering. Rising α R (equivalent to reduced roughness) increases the power decay rate. This can be argued since the directional models reward dense multipaths stemming from the direction of the specular components.
We can conclude that the proposed scattering function is identical to the Lambertian model by setting α R = 0. At increased α R it converges to the outcome of the directional scattering model, with the advantage of preserving a symmetric channel between both transceivers. Hence, in the following we proceed with the proposed scattering function and compare its shape with empirical distributions from literature.
III. RELATION OF SCATTERING MODEL TO EMPIRICAL DISTRIBUTIONS
The analysis and comparison of the proposed scattering model showed its potential to model both Lambertian and directional scattering. In this section we aim at relating the scattering model to empirical distributions, identified in literature and compare the calculated angular and delay spread to reported ones.
A. Empirical distribution of MPCs in literature
Empirical distributions of MPCs are provided by standardized channel models IEEE 802.15.3c [4] , IEEE 802.11.ad [5] or 3GPP TR38.901 [6] . In these channel models, estimated MPCs are associated to clusters in angular delay domain using visual inspection or machine supported clustering [31] . Considering a single cluster, in angular domain, a (wrapped) Gaussian distribution [4] , [6] or Laplacian [4] , [32] with standard deviation σ φ a was identified for the azimuth, and a Laplacian with standard deviation σ φ e for the elevation angle. The mean value is calculated as average angle of the MPCs within a cluster. In delay domain, the MPCs follow an exponential decay [4] , [6] with rate γ, related to [32] . We can observe a wide range of the azimuth standard deviation σ φ a but narrow elevation σ φ e . The decay rates are in a similar range in low ns ranges of 4 to 11 ns.
B. Evaluation in angular domain
In angular domain, (wrapped) Gaussian or Laplacian or both distributions have been proposed to model the APS. Both Gaussian and Laplacian distribution are parameterized by a mean angleφ and standard deviation σ φ . In literature,φ and σ φ are calculated as first and central second moments (equivalent to the definitions of the mean and rms angular spreads). Figure 6 illustrates the APS at x 1 along the azimuth angle for scenario (b) for two levels of α R = 0 and α R = 10 . The Gaussian distribution (dashed) is shown for comparison. We can observe that at α R = 0 the Gaussian approximation is not able to follow the derived APS. At increasing α R = 10 the power is centralized along its mean value, thus, a Gaussian approximation is more appropriate.
We have repeated the calculation of APS for both scenarios. Table II reports the identified rms angular spreads as well as the gap φ between the angles of the specular component and the mean angle from the APS. In case of the symmetric scenario (a) the APS as seen from transceiver x 1 is identical to the APS as seen from x 2 . At the non-symmetric scenario (b) x 2 is located closer to the reflective surface, yielding increased angular spread in comparison to x 1 . Decreasing levels of roughness (equivalent to narrowing the scattering lobe) from α R = 0 to α R = 10 lower the angular spread from approximately 31
• to 12
• in average. The angle gap φ is largest at high levels of roughness and gets reduced with increasing α R . Moreover, in non-symmetric setup (b) 
C. Evaluation in delay domain
In delay domain, IEEE 802.15.3c and 3GPP TR38.901 have identified an exponential decay, parameterized by decay rate γ. We calculate the decay rate as first moment of the DPS with respect to the excess array. Figure 7 illustrates the DPS of the non-symmetric scenario using the proposed scattering model. The fitted exponential decay function (dashed) is shown in comparison. We have evaluated γ for both scenarios as function of α R , as shown in Table III . At high levels of roughness (α R = 0) the arriving power is spread in the delay domain, resulting in an average decay rate of γ ≈ 16 ns (across both scenarios). Rising levels of α R yield decreasing γ ≈ 2.2 ns.
D. Discussion
The calculated angular power spectrum show a bias between the specular component's angle and the mean value of the dense multipath power. Furthermore, the APS are not symmetric along their mean value. These findings encourage the consideration of dense multipath statistics for an unbiased estimation of the specular component's angle.
A comparison between the reported parameters from Table I and the calculated ones in Table II and III show strong accordance and both angular and delay parameters are in a similar range. Still, the parameters are calculated for an infinite dimension of a planar surface. Limiting dimensions yield narrower APS as well as decreased decay rates. On the other hand, strong surface variations (like balconies or other heavily structured surfaces) may increase the decay rates which limits the explanatory power of this comparison. Furthermore, the results differ as function of the considered scenario, showing a strong dependency on the location setup. However, based on our findings, we support the average value of α R = 4, as proposed in [15] .
The calculated shape of the DPS fits well to the reported exponential decay from IEEE 802.15.3c and 3GPP TR38.901. The double exponential decay, identified in IEEE 802.11ad, cannot be verified. This may be explained since the scattering model does not explicitly incorporate variations in the surface's heights or objects in the vicinity of the surface. Furthermore, the cluster's main component, identified by IEEE 802.11ad, is not predicted by the scattering model. It is worth noting that ray tracing applications consider an additional specular component [16] which may act as cluster's main MPC.
Our calculations consider isotropic radiating antennas while at mmWaves, reported cluster parameters are often based on measurements with highly directive horn antennas. A narrow antenna's radiation pattern will affect the angular cluster spread which lowers the explanatory power from the comparison with isotropic antennas. However, our literature study did not show a clear relation between radiation pattern and angular spread, i.e. narrower radiation pattern does not necessarily result in narrower angular spreads [33] . These findings are supported by preliminary evaluations of (2) where we considered the antenna's directivity in the angular domain. The resulting angular spread value can get raised or reduced, depending on the combination of geometric setup and antenna directivity.
IV. CONCLUSION
We have proposed a symmetric scattering function, capable of modeling both Lambertian and directional scattering. The scattering function enables to derive the APS and DPS as functions of the geometric setup. The APS shows that the majority of arriving dense multipath power deviates from the direction of the specular component. Both APS and DPS are in accordance to reported empirical distributions and fitted parameters. In context of localization, dense multipath from rough surfaces adds non-zero-mean noise to specular components resulting in biased angular and delay estimates if not corrected for.
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